ABSTRACT: Flow resistance laws, as used for example in water-supply pipe networks, are formulae relating the volume flow rate q along a pipe to the pressure-head difference t between its ends, q = ψ(t). ψ is monotonic. The simple Hazen-Williams power "law" is often used: in appropriate circumstances the more complicated Colebrook-White law (CW) may better represent aspects of the experimental data. Result 1, the first and easiest-to-state result in the paper, is that φ CW , the inverse to ψ CW , can be expressed in terms of the Lambert W -function (Corless et al. 1993) . One use of this and of related results, in connection with convex optimization problems describing equilibrium flows in pipe networks, is summarised in Result 2.
INTRODUCTION
There is a substantial, and growing, body of knowledge concerning general network flow problems. See, e.g. Rockafellar 1984 . In network flow problems, there is a potential function p defined over the nodes and a flow q defined over the arcs. Furthermore the flow on any arc a is a given increasing function of the 'tension' t on the arc, the 'tension' being defined as the difference in potential between the arc's initial and terminal node. In the case of equilibrium flow in pipe networks, the potential is the head. Two of the commonly used empirical rules giving the flow as a function of head-difference are Colebrook-White and Hazen-Williams. 'Power-law nonlinearity' flow-laws are where the flow q a on an arc a joining node i to node k satisfies, for some positive constant k a ,
Hazen-Williams' means a power-law flow-law with s = 27/50. (The 'rough-pipe limit' of Colebrook-White is equation (3) with c 3 = 0: this is a power-law flow-law with s = 1/2.)
The first part of this paper, in the next subsection, is concerned with elementary mathematical facts about the Colebrook-White rule. These are of use, for example, in connection with the convex optimization formulations of the network-flow problem. In the final section of the paper we give reasons why the convex optimization approach to the network problem is important.
A single pipe
Consider the case of a single pipe. Let D be the diameter, L the length, and K the roughness of the pipe. Let g denote the acceleration due to gravity and ν the kinematic viscosity of water. Define
Note c 2 < 1. Let q denote the flow down the pipe, and t head difference between the ends of the pipe. The Colebrook-White rule for the turbulent flow down a pipe states that an approximation to the flow rate q along the pipe is,
when t is sufficiently large positive that the argument of the ln is less than one, i.e.
In our general considerations of network flows, we often treat more general flow laws q = ψ(t). As in the Colebrook-White case, we consider only ψ which are nondecreasing functions of t and which have ψ(0) = 0. The extension to negative t is always done so that ψ is an odd function of t. However, for the remainder of this section we need only consider
It is sometimes useful to express t in terms of the flow q, t = φ(q). This is done as follows.
Here W denotes the Lambert W -function, defined by W (x) exp(W (x)) = x (and we need
This was discovered by running the single line of Maple:
psi:= -c1*sqrt(t)*log(c2+c3/sqrt(t)); solve(q=psi,t);
selecting the physically-relevant solution, and then checking by hand-calculation.
φ CW has, of course, been approximated numerically by engineers for some time. There are many other uses of the Lambert W -function, and it seems possible that exchanges concerning the numerical methods used in engineering to calculate φ CW , and the numerical methods used in these other uses of W could be mutually beneficial. we confine our own suggested uses to just one -following from the fact that φ CW can be integrated in closed form -at the end of the paper.
NETWORKS
Pipe networks of various kinds arise in practice (e.g. Brebbia and Ferrante 1983, Chau 1995) . There are a variety of practical problems. For the rest of this paper, consider a network where the details of all pipes -K a , L a and D a -are given as are all consumptions at the nodes. A reference head at one node is also given, and the problem is to determine the heads at all remaining nodes.
Some computer codes (e.g. Brebbia and Ferrante 1983) continue to use Newtoniteration methods with full Newton steps for solving for these equilibrium flows. For these methods, finding a good starting guess is often a serious difficulty. It is, we feel, better to exploit the fact that the problem is a convex optimization problem, a consequence of which is that globally convergent algorithms based on partial Newton steps are available. The remaining notes in this paper indicate that this can be done even when the analytically unpleasant Colebrook-White law is used.
Convex optimization formulations
For reasons of space, this subsection is not self-contained. For readers who do not regularly work in the area, the cited references will be essential. The equilibrium flow problem, for monotonic φ and ψ, can be formulated as a convex optimization problem: see Collins et al. 1978 , Calvert and Keady 1993 , Rockafellar 1984 . There is a useful convex duality theory.
The references above will suffice for the general problem. The integrals of φ and of ψ are needed to form the dual pair of optimization problems. The objective function in a primal optimization problem involves the indefinite integral of ψ: that for the dual optimization problem involves the indefinite integral of φ. As the integral of a power-law is very easy, several people have implemented numeric codes for convex optimization formulations with
Hazen-Williams flow laws. It happens, though we have not seen it noted elsewhere, that for the Colebrook-White law, the integrals can also be evaluated in closed form.
RESULT 2. For t > t 0 ,
For q > 0,
The result in equation (7) can be checked by running the Maple:
int(psi,t);
Equation (8) is just the formula for integration by parts: it expresses Φ CW in terms of the Lambert W function.
For details of Result 2, equations (6) and (7), being used in some simple trial networks, see Keady 1995 .
One use of Results 1 and 2 may be to guide in the organisation of efficient numerics for the calculation ofΦ CW . There are a variety of other problems -sensitivity of solutions to changes in L a , K a , D a as one example. Our hope is that our analytical Results on the Colebrook-White law will find some use with engineers designing pipe-networks.
